The appropriate choice of the forms of Lyapunov functions for a positive 2D Roesser model is addressed. It is shown that for the positive 2D Roesser model: (i) a linear form of the state vector can be chosen as a Lyapunov function, (ii) there exists a strictly positive diagonal matrix P such that the matrix A T P A − P is negative definite. The theoretical deliberations will be illustrated by numerical examples.
Introduction
The most popular models of two-dimensional (2D) systems are models introduced by Roesser (1975) , Fornasini and Marchesini (1978; 1976) , and Kurek (1985) . The positive (nonnegative) 2D Roesser type model was introduced in (Kaczorek, 1996) . Some recent developments in 2D positive systems theory were reported in (Fornasini and Valcher, 1996; Fornasini and Valcher, 1997; Valcher and Fornasini, 1995; Kaczorek, 2000) . Benvenuti and Farina in (2004) showed that a positive asymptotically stable system is diagonally equivalent to a compartmental system.
The controllability of 2-D standard and positive linear systems was considered in (Bose, 1985; Klamka, 1991; Klamka, 1999; Kaczorek, 1985; Kaczorek, 1996; Kaczorek, 2000) . The stability of the positive 2D Roesser model was investigated in (Kurek, 2002) and the asymptotic behaviour of 2D positive systems was analyzed in (Valcher and Fornasini, 1995) .
In this paper the problem of the choice of Lyapunov functions for positive 2D linear systems described by the Roesser model will be addressed. It will be shown that for positive 2D linear systems a linear form of the state vector can be chosen as a Lyapunov function and there exists a strictly positive diagonal matrix P such that the matrix A T P A−P is negative definite, where A is a matrix of the 2D Roesser model. To the best of the author's knowledge, the choice of the forms of Lyapunov functions for the positive 2D Roesser model has not been considered yet.
Preliminaries
Let Z + be the set of nonnegative integers. The set of n×m real matrices with nonnegative entries will be denoted by R n×m + and R
will be called strictly positive, which will be denoted by A > 0, if and only if a ij > 0 for all i = 1, . . . , n and j = 1, . . . , m. Similarly, a vector x ∈ R n + will be called strictly positive (resp. negative), which will be denoted by x > 0(resp. x < 0), if and only if all its components are positive (resp. negative).
Consider the positive discrete-time linear system
where x i ∈ R n + and u i ∈ R + are respectively the state and input vectors, and
Let a constant inputū > 0 be applied to the system (1). A vector x e ∈ R n + is called an equilibrium state of the asymptotically stable system (1) if and only if
If the system (1) is asymptotically stable, then the matrix [I n − A] (I n stands for the identity matrix) is invertible and
. From (2) we have
It is well known (Farina and Rinaldi, 2000; Kaczorek, 2000) that if bū > 0, then x e > 0. Let bū = 1 n ,
472
T. Kaczorek
T ('T' denotes the transpose). Then from (3) we obtain
Asymptotic Stability
where x i ∈ R + and A ∈ R n×n + .
Theorem 1. The positive discrete-time system (5) is asymptotically stable if and only if there exists a strictly positive vectorx
Proof. If the system (5) is asymptotically stable, then we may choosex =x e = [I n − A] −1 1 n > 0, and from (6) we have
If there exists a vectorx > 0 satisfying the condition (6), then as a Lyapunov function we may choose the linear form
which is positive for every x i ∈ R n + (i.e. x i = 0). Note that the dual system x i+1 = A T x i is positive and asymptotically stable if and only if the original system (5) is positive and asymptotically stable.
From (8) and (5) we have
since by (6) we getx
Collorary 1. As a Lyapunov function for the positive discrete-time linear system (5) we may choose the linear form (8).

Positive 2D Roesser Model
Consider the positive 2D Roesser model (Kaczorek, 1985; Kaczorek, 2000; Roesser, 1975) 
where
+ are respectively the horizontal and vertical state vectors at the point
we may write (10) in the form
Let a constant input vectorū > 0 (u ij =ū ∈ R m + , i, j ∈ Z + ) be applied to the positive 2D asymptotically stable Roesser model (10). Then x e ∈ R n + , where n = n 1 + n 2 , is called an equilibrium state of the model if and only if
If the model (10) is asymptotically stable, then the matrix [I n − A] is invertible and from (13) for Bū > 0 we obtain (Kaczorek, 2002) 
If Bū = 1 n , then from (14) we havē
sincex e = Ax e + 1 n and A ∈ R n×n + .
Theorem 2. The positive 2D Roesser model (10) is asymptotically stable if and only if there exists a strictly positive vectorx
Proof. If the model (10) is asymptotically stable, then we may choosex =x e = [I n − A] −1 1 n > 0 and from (15) we obtain
Therefore, if the model (10) is asymptotically stable, then there exists a strictly positive vectorx =x e satisfying the condition (16). If there exists a strictly positive vector x > 0 satisfying the condition (16), then as a Lyapunov function we may choose the linear form
which is positive for every nonzero x ij ∈ R n + . Note that the dual 2D model 
n . This completes the proof.
Collorary 2. As a Lyapunov function for the positive 2D Roesser model (10) we may choose the linear form (18).
Example 1. Consider the positive 2D Roesser model (10) with the matrices 
for a 12 ≥ 0, a 13 ≥ 0, a 23 ≥ 0, a 33 ≥ 0. In this case
If a 33 < 1, the model with (21) is asymptotically stable and the sum of every row of the matrix (22) is positive. Forū = 1 from (15) and (22) we have the equilibrium state of the system
(1 − a 33 ) (0.8 + a 12 ) + 0.8a 13 + a 12 a 23 0.9 (1 + a 23 − a 33 ) 0.72
As a Lyapunov function, in this case we may choose the linear form 
Diagonal Form of the Matrix Defining a Lyapunov Function
It is well known (Kaczorek, 2000) that the positive 2D Roesser model (10) is asymptotically stable if and only if there exists a positive definite matrix P ∈ R n×n such that
where the notation M < 0 means that the matrix M is negative definite.
In what follows we shall demonstrate that for the positive 2D Roesser model the positive definite matrix P satisfying (23) can be chosen in a diagonal form.
Theorem 3.
The positive 2D Roesser model (10) 
where a i is the i-th row of the matrix A andx e = [x e1 ,x e2 , . . . ,x en ] T . Taking into account thatx ei > 0 for i = 1, . . . , n, we choose the strictly positive diagonal matrix P in the form
From (25) and (27) we have
and
where x i (i = 1, . . . , n) is the i-th component of the vector x. Postmultiplication of (28) by Ax yields
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Using (26), (29) and (30), we obtain
since for an asymptotically stable 2D Roesser model we have
Example 2. Consider the positive asymptotically stable 2D Roesser model (10) with the matrix
Using ( The strictly positive diagonal matrix P has the form P = P It is easy to check that the matrix (33) is negative definite.
Concluding Remarks
The problem of choosing the forms of Lyapunov functions for the positive 2D Roesser model has been addressed. It has been shown that for the positive 2D Roesser model (i) the linear form of the state vector (8) can be chosen, as a Lyapunov function (ii) there exists a strictly positive diagonal matrix P of the form (26) such that the condition (23) is satisfied. The deliberations were illustrated with two numerical examples. An extension of these ideas to a general positive 2D model remains an open problem.
